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Reduction of Large Flexible Spacecraft Models
Using Internal Balancing Theory

C.Z. Gregory Jr.* :
Integrated Systems,.Inc., Palo Alto, California

A new and computationally simple method for flexible spacecraft model reduction is presented. Using an internal
balancing approximation shown to be valid when natural damping is small, the method provides quantitative modal
rankings with respect to disturbance environment, actuator authority, sensor observability,- and performance
objective. These rankings are used to select a reduced set of structural modes for controller design, and also to
anticipate potential closed-loop performance and stability problems resulting from modal truncation. The method is

demonstrated using a 54-mode spacecraft example.

L Introductlon

HE deployment of large space structures will require

feedback control to meet stringent vibration, line-of-sight,
jitter, and surface quality performance criteria. Flexible
spaceeraft control design requires mathematical models of
plant. dynamics, actuator/sensor locations, and disturbance
environment, all defined with respect to performance objec-
-tives. These “evaluation models,” obtained by finite-element

analysis, can contain hundreds of structural modes known -

with varying degrees of accuracy. This paper addresses open-
loop reduction. of .these models for the purpose of feedback
control design. -

Model reduction for control design is motivated by practi-
cal issues: hardware limitations, reduced computation power

on-line, and robustness. In principle, an “optimal” control can
be. generated for a large model using modern control tech-
niquies, but -this control is at least as complex as the model
itself. When the “reduced controller-order” constraint is form-
ally imposed, optimal control methods lose their attractive
closed-form solutions. Therefore, a reduced-order “control
design” model is selected using the same criteria as for the
evaluation model: namely, to represent the system accurately
with respect to the performance objectives.

:The typical.approach to structural model reducuon is mode
selection. The simplest, dominant-frequency selection,' ignores
the fact that actuator and sensor placement, dlsturbances, and
performance requu'ements also affect modal dominance.
Modal-cost analysis>® addresses the last two issues by pre-
. scribing modal rankings based upon relative contributions to a
stochastic cost functional. It is shown? that the modal costs
decouple asymptotically as damping approaches zero. The
influence of actuator/sensor placement upon modal domi-
nance is not treated, however, and the problem of feedback
control coupling the disturbance into open-loop “undisturbed”
modes remains.

Recently a general model-reduction approach based upon
state selection. from a grammian-balanced (“internally
balanced”) coordinate representation has been proposed.*®
For a "given input/output configuration, this approach
produces a balanced approx1mat1on to the large model by
defining and - retaining the “most controllable/observable”
states. Open-loop application of this reduction method to
problems involving two sets of inputs (disturbances and actua-
tors) and outputs (regulated variables and sensors) is in gen-
eral not possible, because a different coordinate basis is re-
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quu'ed for each mput /output pair. However, results for hghtly
damped, single-input, single-output, flexible systems have
shown that modal truncation and balanced approximation are
equivalent, asymptotically, as damping approaches zero. The
implied asymptotic equivalence of modal and balanced coor-
dinates extends to the multi-input multi-output case, and is
fundamental to the present work: ‘

This paper gives a systematic mode selection procedure for
large lightly damped structural models, based upon the theory
of “internal balancing”* The model-reduction/control-
design problem is described in Sec. IL. Section IIT briefly
reviews internal balancing theory, develops an approximation
for multi-input, multi-output, lightly damped structures, and
investigates. the approximation accuracy for practical prob-
lems. Similarities with recent _independently obtained, single-
input, smgle output results® are noted. Section IV attempts a
physical interpretation of the results with respect to the con-
trol design issues, and proposes a new:mode selection method-
ology for lightly damped structures. A complete design exam-
ple is given in Sec. V.. - -

II. Problem Statement

:Consider: an evaluation model containing structural dy-
namicsin modal form

0+ 2290 + Q°n=RBu+Dw
“z=M;)+ My (measurements)
y="%n+ %m (regulated variables)
J= t]ixg E{y"y} (performance measure) 1)

where n€R", Z= diag{{;}, @ =diag{w,}, u is the control
vector, and w- is the disturbance vector. Defining

b, % ith row of &
d; % ith row of @
m;;4 ith column of

¢;; = ith column of %,

an equivalent state-space representation of Eq. (1).is

x=Ax+ Bu+ Dw
z=Mx
y=Cx

J=lim E{yy} ()
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where
. L AT
x=[a, n % W, g Ml
4, 0
4=l , A,.=[—2§,-w,- wf]
: 1 0
0 A,
B=[s] 0 b7 0 b7 0]”
p=[df 0 df 0 ar o]”
M=[m; my m; my mp, Myl
C=[eyy ¢y ¢z €2 © Cn Canl

Mode selection for control design requires evaluation of the
relative importance of each mode to the control problem. The
specific issues which influence this evaluation are: 1) modal
fidelity, 2) controflability, 3) observability, 4) disturbance en-
vironment, and 5) performance objective, None of these criteria
stands alone. For example, it makes little sense to retain the
most accurately modeled mode if it is neither controllable nor
observable in the measurements. Similarly, a highly controfla-
ble mode adds little to the controller performance if it is
(strictly) unobservable in the sensors and in the performance.
The problem is to find a reduced-order model which addresses
gach of these design issues such that controls designed for the
reduced model perform well on the evaluation model.

IIl.  Internal Balancing of Lightly Damped Structures

In general, balanced model reduction is state selection in a
special coordinate system. Before proceeding with mode selec-
tion, this theory is reviewed,

Balanced Model Reduction

Consider a linear, time-invariant, asymptotically stable
state-space system »

' X=Ax+Bu, y=Cx 3)
having controllability grammian W and observability gram-
mian W} given by

>}
W= jo e BBTeA"'dr or AW+ WAT+BBT=0 (4)

/
Wi = fo CeA"CTCe  ds o ATW + WA+ CTC=0 (5)

Model (3) is internally balanced if
VVCZ = VVOZ = 22
where
T’ = diag[ o7, 07,...,07]

and
. . 2 2
l<J=0i >uj

The 07’s are termed the “second-order modes” of Model (3).
It has been shown® that any model of this form, Model (3),

can be taken to internally balanced form using similarity -
transformations,
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Next consider the balanced model partitioned as

X - Ay, Ap [x1'+ B, u
x; Ay Ap|Ll*2] | B,
y=[C Glx

s .
$2 X, 0
0 X3

with ©? = diag{¢7,...,67} and T = {0}, ,,...,0;}. The es-
sence of balanced model reduction®® is that if o/ > o7, ,, then
the input affects x, much less than it affects x;, and the
output is affected by x, much less than by x;.

The internally balanced coordinate representation has a
number of desirable properties with respect to model reduc-
tion. It is unique, to within a sign change on the basis vectors,
provided the o?’s are distinct. The ¢f’s are similarity in-
variants of (4, B, and .C). Most remarkably, any arbitrary
subsystem is guaranteed to be asymptotically stable (subject to
an aglditional restriction on the basis vectors in the nondistinct
case®).

Application of balanced reduction to very large models is
no easy task. Indeed, “transformation methods” are generally
undesirable for large structural models because of computa-
tional problems and loss of a physically meaningful state
vector. In the following, it is shown that the balanced coordi-
nates are a special case of modal coordinates, and, thus, that
no explicit change of basis is necessary, provided the damping
is very small and the frequencies are sufficiently distinct.

Application to Lightly Damped Structural Models

Consider the state-space representation of a structural dy-
namics model in modal form

B[ ] [ =t
n; 1 , 0 i 0

Yfz:l:[c1i Cz:][?,i] (6)

Theorem
For any modal subsystem of Model (6), the transformation

a]_ (ol \[1 0], |e" 0
nl 40, 0 “’i_l ! 0 oz_il K

where
: 172
622 (bibiT)
h 440

X [c};c,,-+ w,-_"czr,-cz,-[l - %+ 2,1 +Yi2)1/2” v

1/2
ozzié{(b_ibrr_)_}

4w,

X [CITiCu + wi—zczriczi[l =28y — 2,1+ 'Y"Z)I/z” v
o [(1+0)/2]"”
vy 2 [(1- Ui)/z]l/z

VA [vli Uz
N R TR T
—1/2

UiéSgn(Yi)[J "’Yi_z] Yié“icgicli/(c;icy)“fi
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produces the following internally balanced modal subsystem
4;=

o _2§i012i ‘(1 - 2§ivzi02i)(“1i/°2i) 4
N+ 28005)(02/01) - 28,03, l

172
{4§iwi} [ 0;:V1:b; ]
+ - u
b;b; —0303:b;
172 _ _ T |T
3= { bibi’T} [ °1i1[cliv1i+‘-°i ICZiUZi] p
i) 4w, - _ | 4
S o5’ [(-Cliv2i+w 1c2iv1i]
2 ,012,- 0
ri= ,
0 o3

Proof

The proof follows from direct substitution of X7 into Mod-
els (4) and (5).
Noting that ¢ = 07; when {, < 1, define the block-diagonal

transformation
il _ | 0
[m]’[o ’ ai/wi]Viqi (7)

ot [b bT/(c1,c1,+w c,,cz,)]1/4 (8)

where

and ¥}, v;, and v, are as defined above. Applying Transforma-

tion (7) to Transformation (6), the following model is ob-

tained:
~ -~ n ~
§;=A;q;+Bu, i=1,...,n; y=ZCiqi )]
, J]
where
- _2§i012i _(1 _ZgiinUZi)
A;=w 5
(1 + 280,05) — 2805

Bi = a;«][ __l_)f}:blb:l
L1
éi=ai[(c1ivli+ wi-Ic.?iv.?i) (_cli02i+wi_1c2ivli)]

Main Res‘ult
. 1 If §;<1, i=1,...,n, then each modal subsystem of
Model (9) is approximately internally balanced with-

Ti=¥l=0ll
°i2=(4§i“’i)—1[bibiT(C1Ticn+‘*’ C?zcn)] o (10)

2) If max(§;, {;)max(w;, w;)/lw; — w)| <1, z#], then the
entire Model (9) is appr0x1mate1y 1nternally balanced with

PIESD K (11)
0 » ol

Proof )
1) The error in the balancing approximation for each modal
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subsystem is:

W= -Z70 _{|efimo’ 0
I3 0 oi—of

; 1721 1,2
<l 2§i02TiCzi['Yi+(1 +17) ] v
- ‘*’?’CITiCn + CZTicZi
- 1721 Y12
Zgi[I'Yil-l—(l +Yi2) ] !
< I - - 2
I+(vl+8)

<I-(1-3)"" provided §<1/3

2) Consider any two-mode subsystem of the transformed
model. The controllability grammian for this subsystem is

approximated by:
Ff P,-,T}
A

where P;; satisfies
7 iT. B BT =
AP+ P AT+ BBl =0
Solving for P, and taking the L,-norm leads to-
I1Pyll < 20;0,(1/p; +1/p3)

[0/ {(1-4)1-8)}] ol

P, P2 = [wj2+w12+2§] §1wti2ww

X {(1 — gj?)(l __{iz)}l/zl 1/2

Removing the subscripts to denote the maximum, we obtain

IPill/o? < 28 (w/Bw+1)/(1=§) = 2(§o/Aw+§)
if§<1

from which it follows that

., — £ _lIBl . . N
—— <1 provided (§w/Aw) <1
IEZH o

Similar results can be obtained for the observability gram-
mian.

Rate Qutput Case

When ¢,;=0, i=1,..., n, Approximation (10) is exact and
each modal subsystem of Model (6) is balanced, regardless of
its damping ratio.” To illustrate the approximation error in
Approximation (11), consider the two-mode subsystem ob-
tained from Model (6), assuming {; = {, = { and normalizing
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-6 PYV— physically meaningful design issues. Four modal rankings are
i L pivptacement discussed, followed by a suggested mode selection procedure.
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TN TN The {oDC} gives a modal ranking in terms of open-loop
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Fig. 1 Approximation error for two-mode subsystem.

the first frequency to unity

4_1'-
q |
[ —2¢ —1! 0 0
|1 0 | 0 0
0 0| —28(1+Aw/w) —(1+Aw/w)2
L 0 0 | 1 0
b,
)| 2]+ 2 |y
| 41 b,
0
— v qI
yie=len ¢eu Voo sz][q_l] (12)

where ¢’ =dg/dr and 7= tw. Choosing b; =b,=¢;; =¢;, =
1 the true (¥) and approximate (¥) balanced grammians are
computed for several values of { and a range of Aw. The plot
of approximation error in Fig. 1 shows the imiprovement in
modal decoupling as damping ratio decreases. At { = 0.001,
for example, a 1% frequency difference results in only 5%
approximation error. ‘

Displacement Output Case

_ When ¢;; =0, i=1,..., n, the modal balancing error bound
is '

nEZ 20

sl a) - 2]

<4(2+28+¢7)

When ¢{; < 0.1, this bound is comparable to that givén in Ref.
8 for the single-input, single-output case

& (1+22) (1 +20) " (24 282) 7

Choosing b; = b, = c,; = ¢,, in Model (12), the displacement
output balancing error is computed and plotted in Fig. 1.

IV. Mode Selection Methodology

The approximate modal balancing result enables quantita-
tive modal analysis of the evaluation model with respect to

performance. Large values indicate high disturbance propaga-
tion to the output, while small values imply low open-loop
performance contribution. If the goal were simply to match
open-loop performance, mode selection would be based on
these rankings. Observe that the {UDC} is equal to the bal-
anced steady-state covariance when the model is forced with
unit-intensity white noise. An interesting relatlonshlp exists
between the {0} and the modal costs’ of Model (2):
Assuming a zero-mean, unit-intensity white noise disturbance
and light damping, the open-loop modal costs are approxi-
mated by

"’l=(4§iw [ddT(w cltclz_‘_c.?tc’t)]

Using Eq. (10), the following relationship is obtained
Hi= 4§i‘*’i°i4

Thus, modal-cost and internal-balancing criteria can differ.
For example, if two modes have 0,=¢; and w,> w;, then
modal cost favors the higher frequency while balancmg ranks
them equally.

Actuators to Regulated Variables: 23

These rankings show modal controllability of the perfor-
mance. A small value of oBC indicates that the given actuator
conﬁguranon has little direct effect upon the contribution of
mode i to the performance, regardless of its open-loop perfor-
mance contribution. In particular, if oBC /1ESc) is small and
UDC /IIZ5 M is large, a redesign of the actuator configuration is
suggested.

Disturbances to Sensors: L3,

The {6 ,) shows modal observability of the disturbance in
the sensors. A mode having a small relative oéM may be
impossible to estimate on-line. If the correspondmg o,ﬁc is

“large, the selection of sensor locatlons or types is inap-

propriate.

Actuators to Sensors: X3,

The {aBM} provides a modal analysis of potential con-
troller authority for the given actuator and sensor configura-
tion. Ideally the modes with large aBM should align with
those having large ODC_, so that controller authonty matches

- the performance objective. A mode w1th large o w, should be

included in the design model even if “Dc is low, particularly
if it is in the controller bandwidth, to prevent spillover prob-

lems.

Mode-Selection Procedure

Using the four modal rankings, the mode-selection process
is performed as follows:

1) Select the modes having the largest oDc These modes
contribute most to the performance objectives, and assuming
reasonable actuator and sensor placements, it should be possi-
ble to control each of the modes to some extent.

2) Examine the {"BM} Include in the design model any
highly controllable /measurable modes not selected in Model
(1), especially if they are close in frequency to selected modes.
Omission of these modes can cause spillover, which can de-
stabilize the system.

3) Examine the {O'DM } and the {UBc }. Unselected modes
having large values in either of these rankings mdlcate actua-
tor/sensor configuration pathologies. A large 67 v, indicates
an unmodeled mode in the measurements, which w111 inhibit
state estimation. An unmodeled mode with large oBC may be
driven unpredictably by the controller to the detriment of
performance. In either case, the modes should be included.
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V. A Design Example

This application is performed on the Charles Stark Draper
Laboratory Model 2 (Revision 3),° which has 54 flexible
modes, each with 0.2% open-loop damping. Six disturbance

> inputs are modeled as independent colored-noise sources, each
having a 15-Hz rolloff and a mean-squared value of 6007 N2,
There are nine colocated force-actuator/rate-sensor pairs and
an additional measurement of line-of-sight (LOS) pointing
error. Open-loop modal frequencies are given in Table 1. The
linear evaluation model has 114 states (108 structural and 6
disturbance).

This example follows the two-level “high-authority/low-
authority” control design approach described in Ref. 10. The
balanced mode-selection methodology is applied for control of
LOS pomt1n§ performance (HAC), and “low-authority con-
trol” (LAC)" using colocated actuators and rate-sensors is
appended to the control law to prevent high-frequency *spill-

over. 12

Table 1 Open-loop evaluation model frequencies

Mode Frequency, Mode Frequency, Mode Frequency,
Hz No. Hz

No. Hz No.
1 0.1131 19 - 22499 37 11.6523
2 0.1469 20 22541 38 11.6606
3 0.1490 21 34335 39 11.7353
4 0.1741 22 3.4522 40 13.3386
5 0.4549 23 3.9571 41 14.0969
6 0.5568 24 3.9861 42 14.8900
7 0.5953 25 40513 43 16.5092
8 0.6131 26 4.3367 44 17.1423
9 0.6351 27 6.5503 45 17.5072
10 0.6403 28 8.0570 46 17.7673
11 0.8151 29 8.4335 47 17.7682
12 0.8160 30 8.8400 48 17.7686
13 0.8235 31 8.9907 49 17.7767
14 0.9152 32 10.2474 50 21.0746
15 .0.9703 33 10.5133 5t 21.6642
16 1.1582 34 11.4797 52 22.0228
17 1.5508 35 11.6510 53 23.4744
18 1.7728 36 11.6522 54 23.8904
1%
9 K
>
7
a
. i Enisll mimm an
(§ 03
E .0z
< .01 H 'I
.00 -_I.I.IL____IIm.ll.II___IIII AR um
.20 I
ot
5 I |
< .05 -
0012
5 oooa [ i
S |
1, o006
= s
S oooz
z 0000 Ll_l..l-. _ — P

1Q. 24Q. 30. 440. 4.
FLEXIBLE MODE NUMBER

Fig. 2 Open-loop modal analysis.

REDUCTION OF LARGE FLEXIBLE SPACECRAFT MODELS 729

Table 2 Modal rankings suggested by the analysis .
DIST/LOS  ACT/LOS ACT/SEN  Modal cost

Mode o,  Mode 6, Mode o . Mode pul/?

17 0.0242 17  0.0366 5 0183 17 0.0010
1 0.0202 1 00130 17 01813 16 0.0003
16 0.0141 7 00119 7 01037 1 00002
00116 34  0.0081 2 00941 6  0.0001
00110 27 -~ 00080 41 00831 7 0.0001
0.0099 3 00078 34 0.0786 8  0.0001
00085 16 00074 27 00702 4 0.0001
0.0084 39 00072 39 00700 32 0.0001
00059 41 00066 18 0.0582 15 0.0000
00056 40 00051 50 00570 34 0.0000
32 0.0038 6 00042 40 0.0564 9  0.0000
34 0.0034 28 00042 29 00510 3 0.0000
10 0.0033 50 0.0041 1 00466 27 0.0000
27 00032 18 0.0039 28 00426 39 0.0000
18 0.0028 § 00038 10 00417 31 0.0000
31 00025 31 00038 53 00401 28 0.0000
39 0.0024 32 00034 31 00379 42 0.0000
28 00024 42 00034 42 00367 41 0.0000

-
LA\D W o0~ N

Modal Analysis

Using the approximate internal balancing relation, Ap- .
proximation (10), the following modal rankings are obtained:
1) Disturbances—LOS, 2) Actuators—LOS, and 3) Actuators
~—Rate Sensors.

Absolute values of the open-loop modal costs® are com-
puted for comparison using the colored-noise disturbance. The
rms second-order modes and modal costs are plotted vs mode
number in Fig. 2. Immediately evident is the clustering of
these modal phenomena. The disturbance effect as seen through
the line-of-sight is constrained to clusters of modes, as is the
ability to measure and control the model, Alignment of the
“controllable clusters” and “disturbable clusters” indicates a
favorable actuator/sensor configuration for the problem. Ta-
ble 2 gives the quantitative moda] ranking prescribed by each
method.

Control Designs

Three controllers are designed and analyzed for the model.
The first uses ten: low-frequency modes from the model and
relatively low gains, ie., a cautious design. Based upon
closed-loop analysis of this controller and re-evaluation of
Fig. 2, a second controller is designed. The bandwidth of this
controller is allowed to expand into an adjacent “dead zone”’
of the model under the assumption that insensitive modes
cannot cause spillover. A low-authority controller™ is de-
signed and added to the high-gain controller to give the third
design. Full closed-loop modal and stochastic analyses are
presented.

Cautious Controller

Mode Selection

Using the modal analyses of Fig. 2, Modes 1, 3,4, 6,7, 8, 9,
15, 16, and 17 are selected. These are the first ten most
disturbable modes with respect to LOS. Inspection of the
second column of Table 2 shows that several controllable
modes in the design model bandwidth have been omitted, and
it is reasonable to expect that any undesirable in-band con-
troller effects will be related to these modes.

Control Design

The ten selected modes and six disturbance states transform
to a 26th order linear design model. Using standard LQG
techniques, a state-feedback control is found which minimizes

J=1im E{zkzg+bukug} (13)
Fad ) . .
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Table3 Closed-loop control spectrum of ten-mode model

Part
Real Imaginary Frequency, Hz Damping ratio
— 4.8001 10.8240 1.8845 0.4054
-0.0270 7.3328 1.1671 0.0037
-0.0127 6.0956 0.9701 0.0021
—0.0115 3.9841 0.6341 0.0029
-0.0114 3.8621 0.6147 0.0030
—-0.2178 3.7528 0.5983 0.0579
-0.0114 3.4864 0.5549 0.0033
—0.0033 1.0962 0.1745 0.0030
—0.0222 0.9388 0.1495 0.0237

—~0.0203 - 0.7341 0.1169 0.0276

Table4 Closed-loop filter spectrum of ten-mode model

Part
Real Imagiha.ry Frequency, Hz Darping ratio
—55453 112239 19925 0.4430
—0.5170 7.3093 1.1662 0.0706
—-0.0829 6.0898 0.9693 0.0136
—0.0654 3.9831 0.6340 0.0164
-0 2152 3.9445 0.6287 0.0545
—0.4231 3.6162 0.5795 0:1162
—0.0944 3.6258 0.5773 0.0260
-0.0877 1.0982 0.1753 0.0796
—0.0699 0.9299 0.1484 0.0750
—0.1559 0.7796 0.1265 0.1961
160. :
140, ‘ b %«
120. - Q
& 100.
o
E so %
: 1
20. ‘
1 oo
[+)
o , ()
-8 -5. —4 -3. -2, ~=1. o.

REAL PART

Fig. 3 Closed-loop spectrum with ten-mode controller.

where 2 is the LOS output of the reduced model and b is a
tuning parameter. A reasonable closed-loop de51gn spectrum,
shown in Table 3, is obtained using b =10""!, The significant
effect of this control is on Modes 7 and 17. Mode 7 damping
increases by neatly a factor of 30, but its frequency increases
by less than 1%. Mode 17 experiences a damping increase of a
factor of 200 and a frequency increase of 21%, placing it
between the frequencies of unmodeled Modes. 18 and 19.
Refetring again to Fig. 2, Modes 19, 20, and 21 are apparently
uncontrollable with respect to both line-of-sight and sensor
placement. Mode 18, however, has somé controllability (it
ranks 14th out of 54). The control bandwidth is therefore
likely to influenice Mode 18.

A standard Kalman filter is found for the design model
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Fig. 4 Closed-loop spectrum with ten-mdde controller (expanded
scale). .

Tqbie 5 Stochasﬁc performance analysis of controllers

rssLOS x, rss LOS y;, Totalrss, 1ss cotitrol
prad prad prad effort, N

Open-loop 131.7 1109.5 1117.3 0
Ten-mode control 62.4 1759 "~ 186.6 122
14-mode control 69.0 87.5 1114 28.6
14-mode control

with LAC 264 - 75.6 80.1 25.3

0010

.0008

0008
L0004

.0002 - '
0000 5 mn_al_R -
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QPEN~-LOOP

000B
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.0004

19-MODE" HAC

0002

L0000 ll...lJ.-l-.J n =8 n
10, 20, 30. 40. 50.
OREN-LODP FLEX!BLE MDDE NUMBER

Fig. 5 Closed-loop modal costs for ten-mode controller.

using tﬁe actnal dlsturbance model and LOS “measurement
noise” of intensity 5 X 107, which gives a filter bandwidth
roughly equivalent to the control bandwidth. The filter spec-
trum is shown in Table 4. Here, also, the frequency increase in
Mode 17 is sufficient to encompass unmodeled Mode 18.

Evaluation
The ten-mode controller is implemented with the full 114th

- order model. Figure 3 shows that the closed-loop spectrum is

stable, and also that the dominant control effects are limited
to. a few poles. The expanded scale in Fig. 4 shows the

anticipated spillover in Mode 18. Notice also the decreased

damping in unmodeled Modes 2, 5, and 10, which are well
within the controller bandwidth. This “in-band spillover”
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Fig. 6 Closed-loop spectrum with 14-mode controllér.
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Fig.7 Closed-loop spectrum with 14-mode controller (expanded scale).

occurs despite the relatively low controller authonity over
these three modes (see Fig. 2). ‘

The stochastic performance with this controller is shown in
"“Table 5. Using a total rss control effort of 12.2 N, the rss LOS
error is reduced to 16% of its open-loop value. Figure 5 shows
the absolute rms modal costs with and without this controller.
Significant cost-level reductions occur in Modes 17, 16, and 1,
which are the largest open-loop contributors. Notice that the
cost contributions of “spillover” Modes 2, 5, 10, and 18 do
not increase.

High-Gain Controller

Mode Selection

To account for the observed spillover effects and improve
closed-loop performance, Modes 2, 5, and 10, and high-
frequency Mode 18 are added to the control design model.
The fact that Modes 19-26 are highly insensitive to control
and disturbance inputs (see Fig. 2) is used to justify a closed-
loop controller bandwidth extending into this dead zone.

Control Design

As before, a standard linear LOS regulator and Kalman
filter is designed. For a control penalty of 5X107!*I and
“measurement noise” of 5 X 10717, the controller has band-
width to 3.5 Hz which is well into the dead zone.
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Evaluation -

The closed-loop spectrum resulting from the high-gain con-
trol is shown in Fig. 6. As before, the dominant control effects
are limited to a few modes. The expanded scale-in Fig: 7
shows that the inclusion of Modes 2, 5, and 10 in the design
- model eliminates their in-band spillover. The expected high-
frequency spillover is present, particularly in Mode 27, which
is the closest unmodeled mode to the controller' bandwidth
having significant controllability (see Fig. 2). Notice that, as
expected, no problems occur in the dead zone modes. Higher
frequency spillover effects are evident in Modes 53, 52, and
31, which-are well above the bandwidth of model certainty
and cannot be handled explicitly. Figure 8 shows the modal
costs of the 14-mode control compared with the ten-mode
control. Notice the overall improvement in performance, with
the exception of a spillover-induced cost increase in- Mode 27.
The total rss LOS error with this controller is 1% of the
open-loop value (see Table 5).

High-Gain Controller with Low-Authority Control

The purpose of low-authority control (LAC) is to add
damping to structural modes in the high-frequency. un-
certainty region. This method is described fully in Ref. 11. The
actuator to rate sensor rankings in Fig. 2 indicate potential
LAC modal authority. For this example, an LAC is des1gned
to add 4% damping to the structural modes.

Evaluation -

Figure 9 shows the characteristic dampmg increase in the
closed-loop spectrum. The expanded scale in Fig. 10-and the
modal costs in Fig. 8 show that all spillover effects, including
Mode 27, are suppressed. The stochastic performance is.in-
cluded in Table 5.

VI Summai'y and Coriclusions

An approximation to the internally balanced coordinate
representation for lightly damped structural modes is derived.
It is shown that the balancing transformation preserves the
block-modal structure of the model, enabling detailed quanti-
tative modal analyses with respect to controllability, observa-
bility, disturbability, and performance, without a change of
coordinates. Using these analyses, a methodology for mode
selection is proposed and successfully applied to a large
spacecraft model. ,
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